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A B S T R A C T

Topology optimization techniques are typically performed on a design domain discretized with finite element
meshes to generate efficient and innovative structural designs. The optimized structural topologies usually
exhibit zig-zag boundaries formed from straight element edges. Existing techniques to obtain smooth structural
topologies are limited. Most methods are computationally expensive, as they are performed iteratively
with topology optimization. Other methods, such as post-processing methods, are applied after topology
optimization, but they cannot guarantee to obtain equivalent structural designs, as the volume and geometric
features may be changed. This study presents a new method that uses pre-built lookup tables to transform the
shape of boundary elements obtained from topology optimization to create smoothed structural topologies. The
new method is developed based on the combination of the bi-directional evolutionary structural optimization
(BESO) technique and marching geometries to determine structural topologies and lookup tables, respectively.
An additional step is used to ensure that the generated result meets a target volume. A variety of 2D and 3D
examples are presented to demonstrate the effectiveness of the new method. This research shows that the new
method is highly efficient, as it can be directly added to the last step of topology optimization with a low
computational cost, and the volume and geometric features can be preserved in smoothed topologies. Finite
element models are also created for original and smoothed structural topologies to show that the structural
stiffness can be significantly enhanced after smoothing.
1. Introduction

Topology optimization is a structural optimization technique to
obtain innovative structures that possess lightweight, high-performance
and cost-efficient material characteristics [1]. As such, topology opti-
mization techniques have been widely adopted across many disciplines,
including additive manufacturing [2–4], architectural applications [5–
7], furniture designs [8,9], and biological materials [10,11].

Topology optimization techniques typically use finite element anal-
ysis (FEA) to evaluate structural performance. To this end, many topol-
ogy optimization techniques require the continuous design domain to
be discretized into finite element meshes in order to conduct FEA,
referring to element-based topology optimization approaches [12,13].
Popular element-based approaches include the solid isotropic mate-
rial with penalization (SIMP) method [14,15] and the bi-directional
evolutionary structural optimization (BESO) method [16,17]. The key
difference between these two methods is the density representation of
their elements. The SIMP method allows the densities of elements to
vary continuously between 0 and 1 [18], while the BESO method only
allows the densities of elements to be either 0 or 1 [16]. As a result,
optimal structural topologies obtained from the SIMP method may
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possess ‘‘gray" boundaries corresponding to ‘‘soft" elements; BESO struc-
tural topologies may possess zig-zag boundaries formed from straight
element edges [19]. It is worth pointing out that the resolution of
these element-based topologies can be significantly increased using a
large number of elements, which can create finer gray and zig-zag
boundaries, and lead to visually smooth boundaries.

To generate smooth structural topologies, gray and zig-zag bound-
aries typically require further modifications [20]. Two dominant strate-
gies in recent studies are geometrically constrained topology optimiza-
tion methods and post-processing methods. The former strategy em-
ploys geometric operations during the optimization process, where
smooth structural topologies are generated in each iteration [19,21–
26]. However, such methods are computationally expensive due to the
generation of unnecessary smoothed topologies throughout the opti-
mization [20]. The latter strategy focuses on smoothing the generated
optimal topologies, such as iso-surface extraction algorithms [27–30]
and Laplacian smoothing techniques [31,32]. However, such meth-
ods cannot create smoothed models that are truly equivalent to the
actual topology optimization results, as the volume or geometric fea-
tures cannot be preserved in the generated models [20]. Baccialia
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et al. [33] have proposed a volume-preserved smoothing method that
can obtain equivalent smooth models, but their method results in a
performance loss of about 2%. Recently, Li et al. [34] have used
a volume-preserved smoothing method to obtain smooth structural
topologies. However, their method has not been extended to commonly
used irregular elements such as tetrahedra.

For practical applications, computer-aided design (CAD) models are
typically needed. However, the smoothed topologies fail to be directly
converted into CAD models, especially in 3D cases [35]. They are
recognized as non-manifold models in CAD software because their vol-
umetric meshes include coincident faces and singularities [33,35]. The
most straightforward strategy to overcome this problem is to rebuild a
smoothed manifold CAD model [35]. In doing so, the generated model
may differ from the actual topology optimization result regarding the
volume and structural performance.

This paper presents a novel post-processing method (or smoothing
method) to create smoothed manifold CAD models from element-based
topology optimization results. The proposed method can transform the
shape of elements using pre-built lookup tables straight after the topol-
ogy optimization is completed, which can effectively and conveniently
smooth the zig-zag boundaries. The new method is developed consider-
ing the equivalency of the original and smoothed structural topologies,
meaning that the geometric features and volume can be preserved after
smoothing. Section 2 first briefly summarizes the method of topology
optimization and describes the details of the new smoothing method.
Section 3 demonstrates the implementation of the new method and
compares the differences between original and smoothed structural
topologies. Section 4 discusses the effect of different mesh types and
sizes in potential practical applications, followed by a conclusion in
Section 5.

2. Methodology

2.1. BESO structural topology optimization

This study uses the soft-kill BESO method to perform structural
topology optimization [16,36]. For a discretized design domain with
𝑁 elements, the compliance minimization (or stiffness maximization)
problem statement subject to a volume constraint can be written as
follows.

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 ∶ 𝐶 = 1
2
𝐔𝑇𝐊𝐔 (1a)

𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∶ 𝐕∗ −
𝑁
∑

𝑖=1
𝐕𝑖𝑥𝑖 = 0 (1b)

𝑥𝑖 = 𝑥𝑚𝑖𝑛 or 1 (1c)

where 𝐶 is the compliance of the structure, 𝐊 is the global stiffness
matrix, 𝐔 is the displacement vector, 𝐕∗ is the target structural volume,
and 𝐕𝑖 is the volume of the 𝑖th element. The design variable, 𝑥𝑖,
etermines whether the 𝑖th element is solid (𝑥𝑖 = 1) or void (𝑥𝑖 = 𝑥𝑚𝑖𝑛 =
.001).

The material model of elements is defined as a function of the
lement density.

(𝑥𝑖)𝑘 = 𝑥𝑖
𝑝𝐸0 (2)

here 𝑘 is the current iteration number, 𝐸(𝑥𝑖)𝑘 is the Young’s modulus
f 𝑖th element, 𝐸0 is the design Young’s modulus of elements, and 𝑝 = 3
s the penalty exponent.

To relate the structural performance of elements to the optimization
bjective, 𝑖th elemental sensitivity number, 𝑆𝑒(𝑖), can be defined as

𝑒(𝑖) = −1
𝑝
𝜕𝐶
𝜕𝑥𝑖

=

⎧

⎪

⎨

⎪

1
2
𝐮𝑇𝑖 𝐊

0
𝑖 𝐮𝑖 𝑤ℎ𝑒𝑛 𝑥𝑖 = 1

𝑥𝑝−1𝑚𝑖𝑛 𝐮𝑇𝐊0𝐮 𝑤ℎ𝑒𝑛 𝑥 = 𝑥
(3)
2

⎩ 2 𝑖 𝑖 𝑖 𝑖 𝑚𝑖𝑛
Fig. 1. Obtaining the nodal sensitivity field by employing a filter on mesh elements.
This figure shows that the filter covers a circular domain 𝛺𝑝 with a center of node 𝑝,
which has a radius of 𝑟𝑚𝑖𝑛.

where 𝐊0
𝑖 is the elemental stiffness matrix, and 𝐮𝑖 is the displacement

vector.
To improve the convergence of the BESO technique, historical sen-

sitivity numbers can be averaged, where

𝑆𝑒(𝑖) =
𝑆𝑘
𝑒 (𝑖) + 𝑆𝑘−1

𝑒 (𝑖)
2

(4)

The target volume for the next iteration, 𝐕𝑘+1, depends on the
current volume, 𝐕𝑘, and a specified evolutionary ratio, 𝑒𝑟𝑡, where

𝐕𝑘+1 = 𝐕𝑘(1 ± 𝑒𝑟𝑡) (5)

Note that a threshold sensitivity number, 𝑆𝑡ℎ, is calculated based on
𝐕𝑘+1 using the method described in [36]. Elements that possess the
sensitivity number higher and lower than 𝑆𝑡ℎ are then preserved and
removed, respectively. The optimization process is repeated until reach-
ing the target volume and satisfying the convergence criteria [16].

2.2. Smoothing preparation

Once the element-based structural topology is obtained using the
method described in Section 2.1, the nodal sensitivity field, 𝑆𝑛, is cal-
culated for smoothing preparation. This can be achieved by employing
a filter on elements [37,38], as shown in Fig. 1, where the filter covers
a circular domain 𝛺𝑝 with a center of node 𝑝. The filtering scheme is
given as

𝑆𝑛(𝑝) =

∑𝑁𝑛
𝑞=1(𝑟𝑚𝑖𝑛 − 𝑟𝑝𝑞)𝑆𝑒(𝑞)
∑𝑁𝑛

𝑞=1(𝑟𝑚𝑖𝑛 − 𝑟𝑝𝑞)
(6)

where 𝑆𝑛(𝑝) is the sensitivity number of node 𝑝. 𝑁𝑛 is the number of
element centers covered by the filter. 𝑟𝑚𝑖𝑛 is the filter radius, and 𝑟𝑝𝑞
is the distance between the center of element 𝑞 and node 𝑝. It is noted
that filtering all elements gives a nodal sensitivity field, 𝑆𝑛.

Finally, an iso-value, 𝑆𝑖𝑠𝑜, is specified between the maximum and
minimum 𝑆𝑛, that is, within the nodal sensitivity field, for further
smoothing procedures as described below.

2.3. Smoothing 2D structural topologies

This sub-section describes a method to directly transform the shape
of elements generated from topology optimization, so that smooth 2D
structural topologies can be conveniently created. For a 2D structural
topology, a level-set function can be created in its nodal sensitivity
field [25,39]. Specifying 𝑆𝑖𝑠𝑜 determines the solid domain 𝛺𝑆 , void
domain 𝛺𝑉 and boundary 𝛤 , as shown in Fig. 2(c). For node 𝑝 in the
design domain, its (𝑥, 𝑦, 𝑧) position, 𝐩, related to 𝑆𝑖𝑠𝑜 can be described
as
⎧

⎪

⎨

⎪

𝐩 ∈ 𝛺𝑉 , 𝑖𝑓 𝑆𝑛(𝑝) > 𝑆𝑖𝑠𝑜

𝐩 ∈ 𝛤 , 𝑖𝑓 𝑆𝑛(𝑝) = 𝑆𝑖𝑠𝑜 (7)
⎩
𝐩 ∈ 𝛺𝑆 , 𝑖𝑓 𝑆𝑛(𝑝) < 𝑆𝑖𝑠𝑜
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Fig. 2. Smoothing the structural topology of a 2D cantilever. (a) Initial setup of the optimization problem, where the design domain is discretized with quadrangular elements.
(b) The lookup table is built using the modified Marching Squares algorithm that has 18 possible configurations. (c) The transformation result is obtained through reshaping all
original elements.
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𝑆𝑡(𝑝) is introduced to determine whether 𝑆𝑛(𝑝) corresponds to solid,
void, or boundary using 0 and 1 only, where

𝑆𝑡(𝑝) =

{

0, 𝑖𝑓 𝑆𝑛(𝑝) > 𝑆𝑖𝑠𝑜

1, 𝑖𝑓 𝑆𝑛(𝑝) ≤ 𝑆𝑖𝑠𝑜
(8)

This equation represents that void points are those with 𝑆𝑡(𝑝) = 0, and
both solid and boundary points possess 𝑆𝑡(𝑝) = 1.

To transform the shape of structural elements, this study uses lookup
tables to pre-define all possible transformation results of a unit ele-
ment. For quadrangular elements shown in Fig. 2(a), the corresponding
lookup table can be built by modifying the Marching Squares (MS)
algorithm [40,41]. More specifically, the iso-lines in the original march-
ing squares are replaced with pre-defined triangular or quadrangular
meshes to represent solid domains, as shown in Fig. 2(b). Using Eq. (8),
elemental nodes can be assigned with 𝑆𝑡(𝑝) = 1 or 0 for internal (red)
and external (gray) points, respectively. Additional boundary (orange)
points are then created on the midpoint between internal and external
points. Mathematically, there are 16 possible transformation results of
a quadrangular element, calculated using

𝐶𝑠(𝑖) =
𝑁𝑖
∑

𝑗=0
𝑆𝑡(𝑛𝑗 )2𝑗 (9)

where 𝐶𝑠 is the case number, 𝑁𝑖 is the number of nodes of element 𝑖,
and 𝑆𝑡(𝑛𝑗 ) represents the 0∕1 state of 𝑗th node in element 𝑖; the number
of possible cases is calculated as 2𝑁𝑖 = 24 = 16. However, there are
actually 18 marching squares listed in the lookup table, as shown in
Fig. 2(b).

It should be noted that the calculated 𝐶𝑠 value may correspond
to more than one marching geometry [42]. Such special cases occur
when the diagonal corners are determined as internal (red) points, with
the intermediate region surrounded by boundary (orange) points being
either filled or vacant, resulting in connected and disconnected solid
domains, respectively. In the present example, special cases are 𝐶𝑠 = 5
3

and 𝐶𝑠 = 10, with each containing two possible marching squares.
Therefore, the total number of possible marching squares is 16+2 = 18.
In this study, the selection of marching squares for special cases can be
simply determined based on the averaged elemental sensitivity, 𝑆𝑒(𝑖)
(see Eq. (4)). Specifically, 𝑆𝑒(𝑖) ≤ 𝑆𝑖𝑠𝑜 and 𝑆𝑒(𝑖) > 𝑆𝑖𝑠𝑜 correspond to
connected and disconnected solid domains, respectively.

Next, all elements in the design domain are reshaped using the
modified MS lookup table. Finally, for each boundary (orange) point
𝑡 between an internal (red) point 𝐴 and an external (gray) point 𝐵,
its (𝑥, 𝑦, 𝑧) coordinate is relocated to a new position 𝐭𝐧𝐞𝐰 using the
following linear interpolation method, as shown in Fig. 2.

𝐭𝐧𝐞𝐰 = 𝐀 +
𝑆𝑖𝑠𝑜 − 𝑆𝑛(𝐴)
𝑆𝑛(𝐵) − 𝑆𝑛(𝐴)

(𝐁 − 𝐀) (10)

here 𝐀 and 𝐁 are the (𝑥, 𝑦, 𝑧) locations of the internal point 𝐴 and
external point 𝐵, respectively. 𝑆𝑛(𝐴) and 𝑆𝑛(𝐵) are filtered nodal
ensitivity numbers of points 𝐴 and 𝐵, respectively. It is noted that
elocating all boundary points gives a smooth boundary.

Furthermore, the intersections between the generated structural
opology and the design domain are unchanged after smoothing. This
s because the elements located on the boundaries of the design domain
ossess 𝑆𝑡 = 1 on their nodes.

To summarized, using Eq. (6) for all nodes creates a nodal sensi-
ivity field, 𝑆𝑛, for a 2D structural topology. The specified iso-value,
𝑖𝑠𝑜, determines the condition of each node, where 𝑆𝑡 = 0 or 1, as
escribed in Eqs. (8). In doing so, elements can be reshaped using the
odified MS lookup table based on Eq. (9). Then, the shapes of the

ransformed elements are further updated using linear interpolation, as
hown in Eq. (10). This 2D smoothing is demonstrated more clearly in
ig. 2.

.4. Smoothing 3D structural topologies

3D structural topologies can also be smoothed based on different
ookup tables, depending on the mesh element type. The two most
ommon lookup tables are Marching Cubes (MC) [43] and Marching
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Fig. 3. Modified 3D lookup tables. The red numbers represent the indices of the elemental nodes. (a) 17 unique cases in the modified Marching Cubes method of a transformed
hexahedral element. (b) All 16 possible cases in the modified MT method of a transformed tetrahedral element.
Fig. 4. Removing coincident faces of 3D elements. (a) All coincident faces are identified as internal faces, which are required to be removed. (b) Removing all internal faces gives
a 3D closed surface mesh.
i
h
a

Tetrahedra (MT) [44] for hexahedral and tetrahedral mesh elements,
respectively. Compared with the original MC and MT methods, the
3D transformation cases are pre-defined by closed surface meshes to
represent solid domains, as shown in Figs. 3(a) and (b). It is worth
pointing out that the 8-nodes hexahedral element can be transformed
into 260 possible configurations, but Fig. 3(a) only shows 17 unique
4

w

cases; the remaining 260 − 17 = 243 cases can be obtained by rotating
and mirroring these 17 cases. Among these 17 unique cases, 𝐶𝑠 = 65
s the special case, where it contains two possible marching cubes,
ighlighted in Fig. 3(a). Similar to the previous 2D example, connected
nd disconnected solid domains for the present 3D case are selected
hen 𝑆 (𝑖) ≤ 𝑆 and 𝑆 (𝑖) > 𝑆 , respectively.
𝑒 𝑖𝑠𝑜 𝑒 𝑖𝑠𝑜
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Fig. 5. Improve the surface quality using the incremental remeshing algorithm so that
he elements on the surface can be re-distributed uniformly based on a target edge
ength and preserve the geometric features.

The entire smoothing process for 3D structural topologies is similar
o the workflow developed for 2D cases. First, 𝑆𝑛 is calculated for all

nodes using Eq. (6). Second, 𝑆𝑖𝑠𝑜 is specified to assign all nodes with
𝑡 = 0 or 1 based on 𝑆𝑛, as described in (8). Third, all elements are

reshaped from the lookup table according to 𝑆𝑡 using Eq. (9). Fourth,
he shape of transformed elements are further modified using Eq. (10).
ifferent to 2D smoothing, an additional step is required in 3D cases.

As shown in Fig. 4, this study removes all internal faces of 3D struc-
ural topologies. It should be highlighted that all transformed elements
re closed surface meshes. They form a smoothed configuration that
ncludes coincident faces, as shown in Fig. 4(a). These coincident faces
re identified as internal faces. Removing all internal faces gives 3D
urface meshes, as shown in Fig. 4(b), which can be considered as
AD-compatible manifold meshes.

.5. Surface remeshing

The products of the above 2D and 3D smoothing processes are
urface meshes [45]. As shown in Fig. 5, the quality of these surfaces
an be improved through ‘‘surface remeshing". It should be noticed
hat many remeshing techniques are developed based on manifold CAD
odels like surface meshes [46].

This study uses the incremental remeshing algorithm described
n [45,47,48]. This algorithm can be found in many CAD software, such
s Rhino 7. The remeshing algorithm repeatedly modifies the mesh
dges and vertices based on local operations until all edge lengths
re close to the prescribed target value; the local operations include
plitting long edges, collapsing short edges, flipping mesh edges, and
elocating vertices. As a result (see Fig. 5), the elements on the surface
an be re-distributed uniformly using triangular elements toward the
arget edge length. It can also be seen that the geometric features, such
s corners and sharp edges, are preserved during the remeshing process.

.6. Preserving area or volume

The smoothed configurations obtained from the above methods can
e understood as iso-sensitivity models, as they are determined based
n the 𝑆𝑖𝑠𝑜 value. Moreover, changing 𝑆𝑖𝑠𝑜 can directly influence the
inal area and volume of 2D and 3D iso-sensitivity models, respectively.
n order to meet a target area or volume, this study treats 𝑆𝑖𝑠𝑜 as a vari-
ble and introduces the bisection method to modify 𝑆𝑖𝑠𝑜 automatically.

𝑖𝑠𝑜 =
𝑆𝑢𝑝 + 𝑆𝑙𝑜

2
(11)

where 𝑆𝑙𝑜 = 0 and 𝑆𝑢𝑝 = 2 × 𝑆𝑡ℎ are the initial lower and upper bound,
respectively. The 𝑆𝑡ℎ is the threshold sensitivity number mentioned in
Section 2.1. The bounds are updated using
{

𝑆𝑙𝑜 = 𝑆𝑖𝑠𝑜, 𝑖𝑓 𝑉 > 𝑉 ∗

∗ (12)
5

𝑆𝑢𝑝 = 𝑆𝑖𝑠𝑜, 𝑖𝑓 𝑉 ≤ 𝑉
where 𝑉 is the current volume/area of the iso-sensitivity model, and
𝑉 ∗ is the target volume/area.

The bi-sectional iterative process is repeated until
∣ 𝑉 − 𝑉 ∗ ∣

𝑉𝐷
≤ 𝑉𝑡𝑜𝑙 (13)

where 𝑉𝐷 is the total volume/area of the design domain, 𝑉𝑡𝑜𝑙 = 0.1%
is the allowable tolerance. This equation simply represents that the
final structural topology will possess the total volume/area close to
the target value with an acceptable difference. The entire smoothing
process that considers preserving area or volume process is summarized
in the flowchart shown in Fig. 6.

3. Numerical analysis

A numerical analysis method is developed to examine the capabili-
ties of the above smoothing methods. More specifically, the obtained
BESO structural topologies are compared with their corresponding
smoothed results to observe any variations in shape and structural
performance.

This study uses the commercial finite element analysis (FEA) soft-
ware, Abaqus, and a Python script to perform structural analysis and
BESO topology optimization, respectively, with details fully described
in [36]. Once the optimal structural topologies are obtained, a C# code
is used to execute the above algorithms for generating smoothed models
in the Rhino 7 CAD software. The original and smoothed optimal
structural topologies are then imported into Abaqus to perform FE
structural analysis to compare their stiffness performance. In order to
have a fair comparison, their FE meshes are set to have the same mesh
type and target edge length. Specifically, 2D and 3D cases are analyzed
using triangular and tetrahedral elements, respectively, with the target
edge length set to be the same value as used in the remeshing process.
Note that equivalent topologies are discretized using the same meshing
algorithm embedded in the commercial Abaqus software to create FE
models; meshing algorithms of FE models are not included in the scope
of this study.

The material used in this study is assumed to be isotropic and linear
elastic, with Young’s modulus of 𝐸 = 1 MPa and Poisson’s ratio of 𝑣 =
0.3. Unless otherwise stated, BESO topology optimization parameters
are: 𝑒𝑟𝑡 = 2%, 𝑝 = 3, and 𝑟𝑚𝑖𝑛 = 3 mm.

The 3D smoothing process is first tested using a cantilever example,
as shown in Fig. 7. With reference to Fig. 7(a), the design domain of
the cantilever is 60 mm × 10 mm × 40 mm. A 𝐹 = −1 𝑁 point load
is applied at the center of the free end. A fixed boundary condition
is assigned behind the whole cantilever. The objective volume faction
of BESO is set as 15%. Smoothed configurations are obtained from
structural topologies with different mesh sizes, as shown in Figs. 7(a)–
(b) and (c)–(d). For original BESO structural topologies, solid cubic
elements that have an edge length of 1 mm and 0.5 mm are used,
as shown in Figs. 7(a) and (c), respectively. For smoothed structural
topologies, original elements are reshaped using the modified MC
lookup table and then the assemblies are remeshed to a surface mesh
with triangular elements that have an average edge length of 0.5 mm,
as shown in Figs. 7(b) and (d). All structural topologies are discretized
using solid tetrahedral elements with an edge length of 0.5 mm in FEA,
so that the compliance values, 𝐶, are comparable.

In Fig. 7, it can be seen that the zig-zag boundaries of original
structural topologies have been successfully smoothed. It can also be
seen that the geometrical features have been preserved, where the
shapes of the original and smoothed structural topologies are almost
identical. Moreover, the structural volumes are changed within an
allowable tolerance. Together, it can be concluded that the proposed
smoothing method can generate equivalent structural topologies to the
original topology optimization results.

Furthermore, the compliance of Figs. 7(a)–(d) are 5.336 Nmm,

4.855 Nmm, 5.060 Nmm, and 4.973 Nmm, respectively. It is seen that
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Fig. 6. The flowchart of the entire smoothing process. The process of preserving area or volume will ensure that the smoothed result meets a target area or volume.
Fig. 7. FE results of original and smoothed structural topologies. (a)–(b) shows that cubic elements that have an edge length of 1 mm are smoothed into a surface mesh with
triangular elements that have an average edge length of 0.5 mm. (c)–(d) shows that cubic elements that have an edge length of 0.5 mm are smoothed into a surface mesh with
triangular elements that have an average edge length of 0.5 mm. (a) and (c) are original structural topologies; (b) and (d) are smoothed structural topologies. In FEA (a)–(d) are
meshed using solid tetrahedral elements with an average edge length of 0.5 mm.
the smoothed structures are stiffer, corresponding to lower compliance.
More specifically, the compliance of Figs. 7(a) and (c) are reduced
by 9.02% and 1.73% after smoothing, respectively. The enhanced
structural performance may be attributed to the stress being more
uniformly distributed in the smoothed models, thus resulting in lower
compliance, demonstrated more clearly in Figs. 7(a)–(b). However, the
improvement is less noticeable using a finer mesh, as the resolution of
the original structural topology is already high, meaning that the shape
is similar to its corresponding smoothed form, as shown in Figs. 7(c)–
(d). Nevertheless, this example still demonstrates that an enhanced
structural performance can be obtained through smoothing.
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4. Discussion

4.1. Regular and irregular 2D meshes

This subsection examines the structural performance of smoothed
topologies obtained from regular and irregular 2D quadrangular meshes
[49], as shown in Figs. 8(a) and (b), respectively.

Fig. 8(a) shows a 240 mm × 40 mm MBB beam initially meshed
with 1 mm square elements. A 𝐹 = −1 𝑁 point load is applied at
the midpoint of the top edge. For topology optimization, the objective
volume faction is set as 50%, and 𝑟𝑚𝑖𝑛 is changed to 2 mm. During
the smoothing process, the modified MS lookup table is used to obtain
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Fig. 8. Smoothing 2D structural topologies with regular and irregular meshes. Sub-figures from the top are: optimization problem, original structural topology, and smoothed
structural topology. (a) MBB beam example initially meshed with square elements. (b) Chair example initially meshed with irregular quadrangular elements.
transformed quadrangular elements, and then they are remeshed using
triangular elements with an average edge length of 1 mm. For FE
structural analysis, the original and smoothed structural topologies are
both discretized using triangular elements with an average edge length
of 1 mm.

In Fig. 8(a), it can be seen that the MBB beam has been successfully
smoothed using the proposed 2D smoothing method, which reduces the
original compliance by 3.46% (from 94.465 Nmm to 89.998 Nmm).
The same example has been smoothed previously using the FTOP
method [23] with a final compliance of 89.68 Nmm, which is similar
to the present smoothed result in shape and compliance. However, the
FTOP method requires more than 300 iterations to obtain the final
smoothed result with smoothed structural topologies generated in each
iteration. In contrast, the proposed smoothing method is much more
efficient, which can be added to the last step of the BESO process. This
example only uses 70 iterations to obtain the structural topology, and
the total time spent on the smoothing process is only 0.43 s using an
ordinary laptop with an Intel i7-9750H 2.60 GHz processor.

The 777 mm × 713 mm chair example shown in Fig. 8(b) is initially
meshed with irregular quadrangular elements in order to create smooth
boundaries, resulting in all elements having different shapes with an
averaged edge length of 4.25 mm. The chair is loaded at its non-
design domains with a relative force density of 𝐹 ∶ 𝐹 ′ = 3 ∶ 2 [50],
where 𝐹 = 0.03 𝑁 and 𝐹 ′ = 0.02 N. The objective volume faction
is set as 33% to obtain the BESO structural topology. In terms of
smoothing process, the modified MS lookup table in Fig. 2(b) is used,
where each sub-figure may be reshaped depending on the shape of
the selected irregular element using Eq. (10). Finally, the transformed
elements are remeshed using triangular elements that have an average
edge length of 3.5 mm. For FE structural analysis, the original and
smoothed structural topologies are both discretized using triangular
elements with an average edge length of 3.5 mm.
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In Fig. 8(b), it is seen that the chair has been successfully smoothed,
meaning that the proposed smoothing method is capable of dealing
with irregular meshes. Similar to the above examples with regular
meshes, the compliance also reduces after smoothing, where a 2.93%
improvement is achieved; 𝐶 is reduced from 88.729 Nmm to 86.133
Nmm. It is worth pointing out that complex geometries are typically
discretized with irregular meshes to perform topology optimization.
Using the proposed method, optimal structural topologies of such com-
plex geometries can be conveniently smoothed, which means that the
proposed method is highly beneficial for complex geometries initially
discretized with irregular meshes.

4.2. 3D Practical application

A 771 mm × 400 mm × 713 mm 3D chair example is given here
to demonstrate the potential practical applications of the proposed
smoothing method, as shown in Fig. 9. Fig. 9(a) shows the setup of
the optimization problem, from which 81% of the material is removed
through topology optimization. It is assumed that the chair carries an
80 kg adult, hence the non-design domain is loaded with 𝐹 = 0.0003
N/mm2 and 𝐹 ′ = 0.0002 N/mm2 on the seat part and the back-rest part,
respectively [50]. Four 20 mm × 20 mm regions on the bottom surface
are assigned to have a fixed boundary condition. 𝑟𝑚𝑖𝑛 is changed to
30 mm to obtain the BESO structural topology. The modified MT lookup
table is used for smoothing. The original and smoothed chairs are both
meshed with solid tetrahedra that have an edge length of 10 mm.

Figs. 9(b)–(c) show the original and smoothed structural topologies,
respectively. It is seen that the smoothed result improves not only the
visual effect but also the structural performance, where the compliance
of the original result is reduced by 6.52% (from 61.231 Nmm to 57.235
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Fig. 9. Potential practical applications of the proposed smoothing method demonstrated with a 3D chair example. (a) Initial setup of the optimization problem. (b) Original
structural topology obtained from topology optimization. (c) Smoothed structural topology. (d) Manufactured 3D model.
Nmm). Following the discussion of Section 4.1, complex 3D geome-
tries are typically discretized with irregular tetrahedral meshes. After
performing topology optimization on such complex 3D geometries, the
proposed smoothing method can then be employed to create manifold
CAD models that possess smooth boundaries, as shown in Figs. 9(c)–(d).
Therefore, it is confirmed that the proposed smoothing method can be
effectively adopted for 3D applications without the limitation of the
mesh element type.

5. Conclusion

In this work, a new post-processing method is proposed, which
uses pre-built lookup tables to smooth the zig-zag boundaries obtained
from topology optimization. It is shown that the modified Marching
Squares (MS), Marching Cubes (MC), and Marching Tetrahedra (MT)
provide effective lookup tables for structures initially discretized with
quadrangular (2D), hexahedral (3D), and tetrahedral (3D) elements,
respectively. A series of examples are tested to show that: (1) the
new method can create smooth structural topologies that preserve the
volume and geometric features from the original optimal topologies,
and (2) the compliance can be reduced after smoothing to achieve
stiffer structures. Moreover, the new method is shown to be highly
efficient, as it is performed as a post-processing step after the topology
optimization is completed. This study also shows that the proposed
method supports various mesh element types. Finally, a complex 3D
example is used to demonstrate that the new method can be readily
applied to a wide range of practical applications.
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